
Russian Chemical Bulletin, International Edition, Vol. 54, No. 9, pp. 2235—2246, September, 2005 2235

Published in Russian in Izvestiya Akademii Nauk. Seriya Khimicheskaya,  No. 9, pp. 2166—2176, September, 2005.

Information

1066�5285/05/5409�2235 © 2005 Springer Science+Business Media, Inc.

Application of the electronegativity indices of organic molecules
to tasks of chemical informatics*

M. I. Trof imov� and E. A. Smolenskii

N. D. Zelinsky Institute of Organic Chemistry, Russian Academy of Sciences,
47 Leninskii prosp., 119991 Moscow, Russian Federation.

Fax: +7 (495) 135 5328. E�mail: mtrofimov@online.ru, smolensk@cacr.ioc.ac.ru

An efficient structure filtration method for the operation with chemical databases contain�
ing information on the structures and properties of organic molecules was proposed. The
technique involves the use of electronegativity indices for generation of identification keys and
for isomorphism tests of the molecular graphs corresponding to the structural formulas. The
test set for the method proposed included a total of 95,000,000 molecules containing up to sixty
carbon atoms. Tests revealed a high discriminating capability of the electronegativity indices
and high efficiency of the method for solving both general problems (recognition of chemical
structures, chemical database management systems) and specific tasks (generation of molecu�
lar graphs, etc.) in chemical informatics.
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Filtration of data containing information on the struc�
tures of organic molecules is necessary when solving a
broad spectrum of tasks in chemical informatics. For in�
stance, when processing a database filling query, the da�
tabase management system should first of all retrieve from
the database those molecular structures that are isomor�
phic to the structures in the query. Similar operations are
also required in processing a query for search for molecu�

lar structures in the database. Generation of molecular
structures using a generator program or a computer syn�
thesis program is associated with the need for clearance of
the data generated from duplicate structures, etc. It is well
known that the structural formula of a compound can be
graphically represented in different manner. Different
chemical nomenclatures take into account specific fea�
tures of human perception and provide a compromise
between the "strictness" and "convenience". Such a com�
promise is admissible for human practice but not always
appropriate for computer implementation. For instance,
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if any database containing information on the physico�
chemical properties is filled using an arbitrary atomic num�
bering scheme in the structural formula and correspond�
ing arbitrary encoding of the structure, then it may appear
that the same compound will be mapped on several dis�
connected records in the database, one record concern�
ing, e.g., the "melting point" property and the other record
concerned with the "density" property. As a result, a user
has the risk of missing records containing information of
the properties of this compound only because atoms were
enumerated in different manner compared to the proce�
dure employed in the course of database filling. In the
early stage of development of chemical informatics the
user had the sole responsibility for identical representa�
tion of structural information in databases. To this end, a
complex, intricate, and sometimes contradictory systems
of rules for encoding of chemical structures in formulat�
ing database queries were designed. Often, such a system
appeared to be incomplete, because it was impossible to
allow for the variety of structures of organic compounds
in the database design stage. At present, data mining is
automatically performed by computers using various ap�
proaches. However, all of them are far from being perfect,
and even the mathematical background of this field of
research are still to be clarified. In this work we studied a
possible unified approach to solving similar problems.

The flow chart for the approach proposed is shown
in Fig. 1.

Structural information is represented in the form of
molecular graphs (MGs) sent by the source of MGs to the
receiver of MGs, which in turn constructs the MG master
table, assigning each MG a unique key (master keys). If
the receiver can not create a unique key for a MG that is
non�isomorphic to all the MGs already had been placed
in the MG master table, it assigns this MG a unique
additional key and places this MG to the additional MG
table. The receiver does not add an MG to the tables if
this MG is isomorphic to another MG already placed in
the tables.

A program implementing this scheme creates the MG
tables. They can be stored dependences in main storage as
well as in auxiliary storage (e.g., hard disks) for further
processing and use by another program or they can be
processed simultaneously with their generation either in
synchronous or asynchronous mode. If the MG tables
were generated earlier, the database query source can act

as a source. In this work we use simple MG generators as
a source.

Algorithms used

Keys are formed using the electronegativity indices
(EIs) derived from the atomic electronegativities (AEs) in
a molecule calculated using our method.1,2 Unlike many
pure topological indices, the AEs characterize not only
the topological structure but also the composition of the
chemical compound. At the same time, the AEs are easier
to calculate compared to calculations of indices using
quantum chemistry or molecular mechanics methods. The
method for AE calculations for organic molecules is
the development of the method for AE calculations of
inorganic molecules.3 Its usage is based on the corre�
spondence between the AE and the key physico�chemical
properties of a broad range of inorganic compounds in�
cluding the most part of the elements of the periodic
table. These features of the AE permit efficient solu�
tion of specific tasks, e.g., search for structure—prop�
erty relations for sets of organic compounds belong�
ing to different chemical classes. In particular, depen�
dences between the AEs and the energy1 and geometric4

parameters of molecules and the NMR spectroscopy data2

were studied.
The atomic electronegativity is calculated using the

relation1

, (1)

where vi is the number of atoms adjacent to the ith atom,
Si

0 is the standard electronegativity of a given type of
atoms (chemical element); and St is the electronegativity
of the adjacent atom.

If no additional distinctions for the multiple bonds are
introduced, the parameter vi can be treated as a vertex
degree of an MG. In this case the multiple bonds are
allowed for automatically, e.g., the vertex degrees in the
carbon skeletons of cyclohexane and benzene are equal
to 4 and 3, respectively. It is important that from this
point of view all carbon atoms in benzene and all bonds
between them are equivalent. If an MG contains rings,
special corrections should be made. In accordance with
specific features of the problem posed we changed the
algorithm proposed earlier2 for the detection of smallest
rings (Appendix 1, Algorithm 1).

The set of smallest rings is a subset of the set of all
rings of an MG, produced as a result of the operation of
algorithm 1. In this work we do not introduce any other
definition of the smallest ring, because here the use of the
smallest rings is reduced to routine calculations of the
ring correction.Fig. 1. Flow chart illustrating filtration of molecular graphs.
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Taking the logarithm of relation (1) and having intro�
duced the ring correction, we get

,

where xi = lnSi, , ,

q is the number of the vertices included in the rings of
size p (see Appendix 1).

Having written similar relations for all m vertices of
the MG, we get the system of m linear equations

, (2)

where B
–

 = (bi) is the column vector of absolute terms,
X
–

 = (xi) is the vector of the unknown quantities,
A = E – M•N, where E is a unity matrix of size m×m, and
M = (mij) is the adjacency matrix of the MG,

N = (nij), where

Let us specify the accuracy of calculations ε. Then the
set, {xi}, of solutions of the system (2) can be divided into
blocks in such a fashion that both xi and xj belong to the
same Uk block if |xi – xj| < ε. Let us sort the solution vector
of the system (2) in non�descending order in accordance
with the following rule for the partition U:

Uk < Ul, if (|Uk| < |Ul|) ∨ ((|Uk| = |Ul|) ∧ (xk < xl)), (3)

where {xi} = , u is the number of blocks in the

partition, xi ∈Uk.
Components of the solution vector Y

–
 thus sorted are

the local (vertex) EIs. Let us denote this EI by EI1. Note
that in accordance with the rule (3) for the U and U´
partitions of the sets of solutions {xi} and {xi´} one has

Uk = Uḱ , if (xk = xí ) ∧ (|Uk| = |Uḱ |),

where xk, xk´ are elements of the blocks Uk and Uk´,
respectively.

Let us define U = U´, if ∀Uk = Uk´, where k = 1, ..., u.
Let us define two more EIs, namely, EI2 and EI3

(Appendix 2). The electronegativity indices EI2 and EI3
are the integral superindices composed of the integral
(Wiener index) and differential indices (EI1, vertex ec�
centricity) and the molecular parameters (empirical for�
mula, number of hydrogen atoms, smallest rings). Thus,
the EI2 and EI3 indices are ordered records of molecular
indices and parameters in the form of strings. The former,
EI2, is a universal index. However, e.g., for the set of,
structures with the general formula CxHy, where x is a
constant, the EI2 index is obviously redundant. For such
structures, it is more appropriate to use a specific, more

"economic" index EI3. The representation method of the
EI2 and EI3 indices is not specified in their definitions
and may depend on implementation. The representation
used in this work has the form of ANSI (Pascal) strings of
arbitrary length (string type); however, e.g., null�termi�
nated strings can be used instead. The encoding method
facilitates program debugging, but more "economic"
methods may also be possible. However, in any case the
preset accuracy of calculations (ε) should be taken into
account.

By expressing the check sum of the EI2 (or EI3)
index through the 32�bit Circular Redundancy Check
(CRC�32)5 widely used, in particular, for verification of
files, we get the EI4 index, which will be used as the
master key. In addition to the master key, we will also use
an additional key (see Appendix 2, 2.2). The CRC�32 is
calculated using a highly efficient procedure, namely, a
single loop whose length equals that of the string being
processed. The loop body contains a single assignment
statement, which assigns the value of an expression con�
taining the choice of tabulated values and their combina�
tion using fast logical operations ("and", exclusive "or",
shift). This gives a 32�bit integer, which varies between 0
and (232 – 1 = 4 294 967 295).

Let us define the following characteristics of the addi�
tional MG table. The maximum g value (see Appen�
dix 2, 2.2) among all additional keys of the database will
be called the maximum EI4 degeneration. The number of
additional keys used in the database will be called the
general EI4 degeneration. Note also that the master and
additional keys are different; therefore, a practical imple�
mentation can allow the master table and the additional
table to be combined into a single table. The keys de�
scribed are employed for MG filtration (see Fig. 1) using
algorithm 2 (Appendix 3).

High optimizability of the algorithms proposed should
be emphasized. This important property is exemplified in
Appendix 3. Of course, not all problems concerning the
optimization of these algorithms can be solved as simply
as in the example listed in Appendix 3. For instance,
some problems required the use of assembler instead of
high�level programming languages. In particular, an effi�
cient library was created, which manipulates sets of any
cardinal number and makes it possible to avoid the Pascal
limitations on the base set type (256�element size). In
spite of our efforts on optimization, we believe that
the potentialities of the approach proposed are far from
being exhausted. In some cases, optimum solutions were
deliberately not chosen in order to simplify tests and
to follow principles of safe programming. Therefore, the
experimental estimates of performance should be con�
sidered as preliminary, rough results which can be im�
proved.

The discriminating capability of the EI1 index can be
exemplified as follows. AE calculations for a hypothetical



Trofimov and Smolenskii2238 Russ.Chem.Bull., Int.Ed., Vol. 54, No. 9, September, 2005

molecule C23O at Si
0 = 2.746 (C) and 3.654 (O) and

without use of ring correction (Fig. 2) show that the AEs
are redistributed from the most electronegative atom (O)
to less electronegative atoms (C) and that the carbon
atoms arranged at shorter distances from the oxygen atom
are characterized by a larger increase in electronegativity
compared to the more distant carbons. The AEs are dis�
tributed in such a fashion that the equivalent atoms have
equal electronegativities. This example demonstrates a
general pattern we observed in preliminary studies for
different classes of organic compounds, namely, the pres�
ence of a heteroatom is responsible for small�size parti�
tion into groups of equivalent atoms, thus simplifying
structure recognition, and the multiple bonds present no
additional difficulties. Therefore, we will further restrict
ourselves to consideration of saturated hydrocarbons.

AE calculations with the use of ring correction for the
cuneane MG (Fig. 3) give a three�block partition in which
two blocks have two and one block has four equivalent
vertices. In contrast to the preceding example, in this case
the key role for correct partition is played by the ring
correction.

Noteworthy is a group of algorithms6,7 based on the
splitting of the eigenvalues of the modified adjacency ma�
trices and solution of the systems of linear equations,
which determine the inverse matrices. This group looks
similar to algorithm 3 (see Appendix 3). These algorithms
take into account the vertex degrees but explicitly ignore
(in contrast to the approach proposed in this work) such
important topological features of graphs, as rings. Vectors
of the absolute terms of the systems of linear equations
have the type (0, ..., 0, 1, 0, ..., 0). As a result, the algo�

rithm development efforts are explicitly related to the
number, m, of graph vertices and estimated at O(m4) and
O(m5). Yet another algorithm was called6 "heuristic"; a
similar algorithm7 is of limited use with respect to graph
classes. For comparison, mention may also be made of
the Corneil—Gotlieb classical algorithm8 and the algo�
rithms presented in review articles.9,10

Computational Experiment

Both third�party software and specially designed programs
were used to test the approach proposed. The test programs for
practical implementation of the MG filtration flow chart (see
Fig. 1) were assembled from the specially designed MT2 enFilter
package (Borland Delphi 7 environment using library functions
for random number generation, CRC�32 computation, and
a built�in assembler). An enumerative graph generator with du�
plications (GenGraph), a generator of random graphs with pre�
set number of vertices (GenRandom), a random vertex enu�
merator, and the GenReg generator of regular graphs were used
as the source.11 Tests were carried out with a personal computer
based on an Intel® Pentium® 4 CPU (Prescott core operated at a
frequency of 3.2 GHz, 800 MHz front side bus) and the
ASUS P4P800 SE motherboard with dual�channel memory
access (1 GBytes RAM) and Intel® Hyper�Threading Tech�
nology support. The operating system was Microsoft®

Windows® XP SP 1.
Tests were performed on connected graphs characterized by

vertex degrees of at most 4, i.e., the skeletal graphs (SGs) corre�
sponding to the carbon skeletons of organic molecules. Pendant
vertices of degree 1 corresponding to hydrogen atoms were added
to the skeleton vertices of degrees less than 4 in order to obtain
all the skeleton vertex degrees equal to 4. As a result, MG sets
corresponding to saturated hydrocarbons of the general formula
CxHy were generated. The MGs characterized by y = 0 were
excluded as chemically uninteresting. Such a filtration of the
skeleton graphs, which meets these conditions, and eventual
formation of MGs will be called the primary filtration (PF).

In solving the system (2), in order to calculate the EI1 in�
dices for the vertices corresponding to carbon (hydrogen)
atoms, the absolute terms were assigned the values bC (bH).
Based on the consistency considerations in order to make our

Fig. 2. Atomic electronegativities in hypothetical molecule C23O.
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Fig. 3. Atomic electronegativities in cuneane (C8H8).

2.749787623407

2.745426343396

2.749787623407

2.753162448063 2.753162448063

2.753162448063 2.753162448063

2.745426343396



Electronegativity indices Russ.Chem.Bull., Int.Ed., Vol. 54, No. 9, September, 2005 2239

method compatible with the AE calculation procedures pro�
posed earlier, we used the Sanderson scale, according to
which Si

0 = 2.746 (C), 2.592 (H), and 4.000 (F). Thus, bC =
ln(SC

0) = 1.0101... and bH = ln(SH
0) = 0.9524.... The initial

modified weight d0 (see Appendix 3) should be larger than any
initial weight; therefore, we used a value that exceeds SF

0,
namely, d0 = 5.0 and ∆d = 0.1. In principle, algorithm 3 can also
be implemented with other values, although not all of them may
appear to be appropriate. The necessary accuracy of calcula�
tions, ε, was determined experimentally, being equal to 10–12.
We found non�isomorphic graphs with the EI3 indices coincid�
ing at a lower accuracy (i.e., at larger ε); a higher accuracy only
causes unreasonable increase in the computational cost. Inter�
mediate calculations were carried out in the Extended format
for the Intel Pentium® 4 processors (ten�byte real numbers with
63�bit mantissa). The GenGraph program executes following a
simple algorithm listed in Appendix 4.

As a result, GenGraph produces a collection of graphs with
m + 1 vertices. This collection includes a complete set of SGs
and isomorphic SGs. Note that the cardinal number of this set is
much smaller than that of the complete set of isomorphic SGs
created following, e.g., algorithm 5 (Appendix 5) but it is suffi�
cient for evaluation purposes. The SGs generated using this
algorithm are subject to PF and the "correct" MGs are sent to
the receiver, which selects reiterated MGs isomorphic to the
MGs arrived earlier using algorithm 2. The MG tables eventu�
ally obtained include a complete set of non�isomorphic MGs
with m + 1 vertices. The SGs of these MGs are used for the next
generation following algorithm 4. As the start collection we used
the tabulated collection G3, which includes only two graphs
(Fig. 4). No other connected graphs with m = 3 exist.11,12

Correctness of the operation of the program can be checked
using a trivial algorithm of complete enumeration of all adja�
cency matrices M of size m×m (see Appendix 5). Graphs corre�
sponding to the matrices obtained using this algorithm should be
checked for connectivity, subject to PF, and sent to the receiver.

The MGs obtained as a result of the execution of the algo�
rithms 4 and 5 coincide with one another to the accuracy to
isomorphism. Check�up was performed up to m = 8. Then,
algorithm 5 appeared to be too slow for the personal computers

used and we had to balance the situation with algorithm 4.
Namely, we decided to generate only a number of rather than all
possible isomorphic graphs. Table 1 lists the GenGraph evalua�
tion results for m = 4, ..., 12. The total number of the MGs
filtrated by the receiver coincides with the values calculated by
the MolGen Version 3.5 program.13 In order to provide a self�
check, algorithm 3 included the check2 procedure. Graph iso�
morphism was independently controlled by a program based on
the Nauty14 Version 2.2 beta 6 module; all graphs with degener�
ated EI4 indices were checked; further tests were controlled
identically. Algorithms 4 and 5 are modifications of the well�
known graph generation algorithms, which have been well docu�
mented (e.g., a non�heuristic Faradzhev method,15 special is�
sues of journals,16,17 and studies11,13,18); they are presented here
solely to understand the details of the tests performed.

Results and Discussion

The results presented in Table 1 allow the EI3 de�
generation to be estimated experimentally. A total of
6,250 non�isomorphic MGs with the same EI4 value were
found, or ~0.08% of the total number of MGs selected
(7,642,074). The EI4 index becomes degenerate when the
number of the MG vertices becomes equal to 10, which
is an exclusive result compared to the individual indi�
ces. For instance, degenerations of the highly popular
Hosoya index manifest themselves already for the six�
vertex MGs.19 However, this comparison should be inter�
preted very carefully, because the EI4 index, in contrast
to the Hosoya index, belongs to the composite super�

Table 1. Generation of complete sets of graphs with preset number of vertices

m Ng Nf Ptotal Pmax K Rmax Imax τ

4 14 6 0 0 8 2 2 0:00:00
5 90 20 0 0 77 3 3 0:00:00
6 422 77 0 0 421 4 4 0:00:00
7 2572 351 0 0 2639 5 5 0:00:00
8 15832 1923 0 0 16537 5 5 0:00:05
9 116407 12191 0 0 120703 5 5 0:00:51
10 934368 89343 15 1 965497 5 10 0:07:43
11 8439569 739070 144 1 8664659 6 10 1:16:30
12 83651542 6799093 6091 3 85507864 7 16 14:42:59
Total 93160816 7642074 6250 95278405

Note: m is the number of vertices of SGs; Ng is the number of MGs generated; Nf is the number of filtrated MGs;
Ptotal is the total degeneration of EI4; Pmax is the maximum degeneration of EI4; K is the number of external calls
of the IsoTest procedure (Algorithm 3); Rmax is the maximum recursion depth for the IsoTest procedure; Imax is the
maximum iteration number for the IsoTest procedure; and τ/h:m:s is the program execution time. Designation
0:00:00 means that the program execution took less than 1 s.

Fig. 4. Collection of graphs G3.
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indices which are characterized19 by a much higher dis�
criminating capability than the individual (non�compos�
ite) indices. While testing, we found that the EI4 index
can be improved by, e.g., using the "Y modification" of
the Hosoya index proposed in our earlier study20 instead
of the Wiener index. Unfortunately, this improvement of
the discriminating capability of the EI4 index could cause
a catastrophic decrease in performance, that is, an expo�
nential complexity for calculating the modified Hosoya
index instead of polynomial complexity for calculating
the Wiener index. At the same time, exclusion of the
Wiener index and vertex eccentricities from the EI4 index
markedly deteriorated its discriminating capability. Both
indices (Wiener index and vertex eccentricities) are cal�
culated in parallel based on the distance matrix obtained
using the Floyd algorithm21 after O(m3) steps. Therefore,
the compromise solution implemented in the EI4 index
seems to be worthwhile. Probably, the use of other indi�
ces, e.g., the 'extended" Wiener index,22 will show better
results.

The degenerated indices are distributed quite uni�
formly, which allowed no more than three additional keys
to be used for each degeneration in all the graphs tested
(see Table 1, maximum degeneration of EI4). In the course
of our tests, in the worst situations at most four external
calls of the IsoTest procedure (see algorithm 3) were done
for each new MG.

The program elapsed time is presented in the
"hh:mm:ss" format (see Table 1). The results of further
tests listed in Tables 2—4 provide no elapsed time mea�
surement data, because specific input—output procedures
and other service operations took a rather long time. How�
ever, all subsequent tests took much shorter time com�
pared to the time taken by the GenGraph generator test.

Table 2. Comparison of pair sets in 10,000 of random graphs
with preset numbers of vertices

n m Rmax Imax

1 13 4 4
2 14 4 4
3 15 4 4
4 16 4 4
5 17 4 4
6 18 5 5
7 19 5 5
8 20 6 6
9 21 5 5
10 22 5 5
11 23 5 5
12 24 5 5
13 25 5 5
14 26 5 5
15 27 5 5
16 28 5 5
17 29 5 5
18 30 5 5
19 31 5 5
20 32 8 8
21 33 6 6
22 34 5 5
23 35 6 6
24 36 6 6
25 37 6 6
26 38 6 6
27 39 7 7
28 40 6 6

Note: n is the pair number; for other notations, see Note to
Table 1.

Table 4. Comparison of pair sets in 5,000 regular graphs with a
preset number of vertices and a vertex degree of 3*

n m Rmax Imax

1 22 8 8
2 24 9 9
3 26 9 9
4 28 10 10
5 30 10 10
6 32 11 11
7 34 11 11
8 36 12 12
9 38 12 12
10 40 13 13
11 42 13 13
12 44 14 14
13 46 14 14
14 48 15 15
15 50 15 15
16 52 16 16
17 54 16 16
18 56 17 17
19 58 18 18
20 60 18 18

* For notations, see Notes to Tables 1 and 2.

Table 3. Comparison of complete pair sets of regular graphs with
preset number of vertices and a vertex degree of 3

m N Rmax Imax

14 509 7 7
16 4060 8 8
18 41301 8 8
20 510489 9 17
Total number 556359  

of pairs

Note: N is the number of MGs; for other notations, see Note to
Table 1.
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The GenRandom generator uses common principles
of random graph generation;22 therefore, we will only
briefly outline them. The Renumber procedure results in
random renumbering of the vertices of a graph while the
MakePair procedure constructs a non�identical (but iso�
morphic) copy of the graph using the Renumber. The
Sort procedure is a usual procedure for sorting of records
with integer keys by constructing a non�balanced binary
tree; having m random numbers at the input, we get a
random tree with m vertices. Then, randomly chosen pairs
of vertices (with vertex degrees less than 4) in the tree
were connected by edges; this operation was repeated
with a random number of repetitions. The random graph
thus obtained was sent to the makePair procedure and
then this graph and its isomorphic copy were subject to
PF and sent to the receiver. Our tests involved generation
of sets including each of 10,000 isomorphic pairs of ran�
dom graphs with 13 to 40 SG vertices. Table 2 presents
the results obtained. It should be noted that, theoreti�
cally, pairs of the graphs generated by the GenRandom
procedure can be doubled; however, the probability of
such coincidences is negligible.

The operation of the random vertex enumerator is also
based on the use of the MakePair procedure. Namely, the
enumerator reads a graph from a data file generated by the
GenReg generator of regular graphs and creates an iso�
morphic copy of this graph. Next, both graphs are subject
to PF and then sent to the receiver. As above, we are
interesting in the MGs corresponding to saturated hydro�
carbons of the general formula CxHy, with y > 0. This
holds for regular SGs with vertex degrees of 2 and 3, the
former case corresponding to a trivial situation where for
each x there is a single regular SG including a ring of
size x. This case can also be ignored in tests, so SGs with a
vertex degree of 3 are to be tested. Generation of com�
plete sets of SGs with a preset number of vertices faces no
problems with allowance for the PF and software used up
to 20�vertex regular SGs (the number of the SGs exceeds
500,000; see Table 3). Further tests were carried out
with incomplete sets of regular SGs including a total
of 5,000 pairs of isomorphic graphs in each set up to
60�vertex SGs (see Table 4). The last�named case corre�
sponds to molecules of the formula C60H60, containing a
total of 120 atoms. Regular graphs are thought to be the
most difficult for many algorithms including the graph
isomorphism algorithms. However, our tests revealed no
fundamental difficulties for this class of graphs. In this
case the recursion depth and the number of iterations
also depend only slightly on the number of vertices,
being characterized by the same small numerical values.
Moreover, for some irregular SGs these values can be
higher than for the regular graphs with a large number of
vertices.

Noteworthy is a trend observed experimentally using
graph generators, viz., the proportion of regular SGs de�

creases as the number of vertices (x) increases (Table 5).
For instance, at x = 4 there are two regular SGs (one with
vertices of degree 2 and one with vertices of degree 3), or
33.3% of the total number of graphs. This proportion
decreases to 0.02% at x = 10 and to 0.001% at x = 12. One
can assume that the trend will also be observed on further
increase in x. Thus, one can expect that the proportion of
complex (in the framework of the approach proposed)
structures will decrease with increasing x. In particular, if
database querying is simulated using a random graph gen�
erator, we get the situation illustrated by Table 2. Here,
the maximum recursion depth and number of iterations
are smaller than for the values listed in Tables 3 and 4,
because the most difficult cases were not included in the
random sets and the probability for difficult cases to be
included in the random sets seems to decrease with
an increase in x. However, this model is sometimes un�
realistic, because certain regular SGs, e.g., cyclo�
butane, cyclopentane, and cyclohexane, cubane, dodeca�
hedrane, etc. play significant roles in chemistry. One can
assume that a server managing a database for a rather long
time period can be queried with a query distribution pat�
tern similar to the random model. But these periods will
be alternated by shorter but intense periods of high de�
mand for information concerning a small group of struc�
tures; the complexity of the processing of such queries by
the server will exceed some averaged characteristics. This
can be due to, e.g., sensations concerned with the synthe�
sis of a compound from this group. For instance, a pio�
neering synthesis similar in significance to the synthesis
of dodecahedrane will undoubtedly attract the major at�
tention of chemists, which will unavoidably affect the
performance of our speculative server. Therefore, in the
course of tests particular attention was given to the regular
MGs in spite of a small proportion of such graphs among
all possible MGs. The total number of generated graphs G
was 93,160,816 (Table 1) + 560,000 (Table 2) + 1,112,718
(Table 3) + 200,000 (Table 4) = 95,033,534.

Table 5. Proportion of regular graphs

x G R3 YR (%)

4 6 1 33.3333
5 20 0 5.0000
6 77 2 3.8961
7 351 0 0.2849
8 1923 5 0.3120
9 12191 0 0.0082
10 89343 19 0.0224
11 739070 0 0.0001
12 6799093 85 0.0013

Note: x is the number of vertices in the graph; G is the number of
graphs; R2 is the number of regular graphs with a vertex degree
of 2, R2 = 1; R3 is the number of regular graphs with a vertex
degree of 3; and YR is the proportion of regular graphs.
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Some auxiliary operations including the examples pre�
sented in this study were carried out using the GraphEdit
graph editor program,* with plug�in modules for calcula�
tions of indices and the MG format conversions. This is a
server program that interacts with client programs using
the ActiveX technology. The database management sys�
tem of the MT2 GraphsDB 2004, Version 1.2.3 chemical
database corresponding to the flow chart shown in Fig. 1
was implemented as a client program. The GraphsDB
system is an implementation of the relational database
model running the widely used Corel Paradox database
format and manipulating SQL queries.

Particular attention should be given to expandability
of the approach proposed. For instance, a number of
valuable additional features appear when this strategy is
combined with the method24 for encoding of structural
formulas of organic compounds. The concept of the
method, formulated25 as long ago as 1962, belongs to one
of the first successful applications of graph theory in or�
ganic chemistry. Since then, progress in modern science
(mathematics, physics, chemistry) and technology (first
of all, computer technology) made the method much more
significant and valuable. The method allows one to mini�
mize the MG representation to a theoretically possible
level (i.e., to reduce the redundancy to zero). This per�
mits a more efficient use of computer memory. Besides,
certain important classes of MGs (e.g., trees) can be iden�
tified faster than using the algorithms listed above; this
improves the efficiency of the method from the viewpoint
of average performance.

The authors express their gratitude to Academician
N. S. Zefirov (N. D. Zelinsky Institute of Organic Chem�
istry, Russian Academy of Sciences), M. Meringer (Uni�
versity of Bayreuth, Germany), and M. S. Molchanova
(N. D. Zelinsky Institute of Organic Chemistry, Russian
Academy of Sciences) for helpful discussion of some MG
generation problems, S. S. Trach (M. V. Lomonosov Mos�
cow State University) for discussion of the manuscript,
L. G. Vetrov (Moscow State Technical University) for
help in mathematical analysis of the properties of the EI1
index, and to M. P. Trofimova for help in performing the
computational experiment and preparation of the manu�
script.

Appendix 1

Algorithm 1

1. Assign zero values to all elements of matrix R = (rij)
and vector C

–
 = (ci).

2. For all edges (i, j) of graph G, do steps 3—6.
3. G´:=G.
4. Remove edge (i, j) in G´.

5. Calculate the length, l, of the shortest path from i to j.
6. rip:= rip + 1; rjp = rjp + 1, where p = l + 1.
7. q:=0.
8. For i, i ∈ [1, m] do
9. h:=0.
10. For p, p ∈ [3, m] do
11. If rip ≠ 0 then h:= h + rip/p.
12. End of loop 10.
13. If h ≠ 0 then ci:= ci + h, q:= q + 1.
14. End of loop 8.
15. For i, i ∈ [1, m] do
16. ci: = ci/q.
17. End of loop 15. �*
Note. The dimension of the matrix R = (rip) is m×m and that

of the vector C
–

 is m, where m is the number of vertices of
graph G. Execution of steps 2—6 causes the matrix R to include
number of the smallest rings rip of size p for the vertex i. In
step 10, only the rings of size from 3 to m are considered. There�
fore, if, e.g., the vertex j is a pendant vertex (i.e., after removing
the edge (i, j) in step 4 it is impossible to find the shortest path in
step 5) then l = 0, and in step 11 h = 0. Step 11 is executed
m times in the loop 8—14 and each vertex included in one or
more rings in graph G increases the q value by 1, pendant verti�
ces do not change the q value. Edges in step 2 can be enumerated
in any order; therefore, the result is independent of enumeration
of vertices. Then each vertex is assigned the index ci

,

where q is the number of vertices included in the rings.
Search for the shortest path can be performed using well�

known algorithms, e.g.,21 with the complexity estimated at
O(m + e), where e is the number of edges. Therefore, the com�
plexity of steps 2—6 can be estimated at O(e2 + em). The com�
plexity of steps 8—14 is estimated by two nested loops (8, 10) at
O[m(m – 3)] and the complexity of steps 15—17 is estimated by
one loop at O(m). Neglecting the lowest terms, the total com�
plexity of the algorithm can be estimated at O(e2 + m2).

Appendix 2

2.1. Definition of the EI2 and EI3 electronegativity indices

We will use the Backus—Naur notations that are widely used
for the description of formal languages.26 Let us define the EI2
and EI3 indices as strings:

<EI2>::=<EI2 header><list of vertex indices>

<EI3>::=<EI3 header><list of vertex indices>

<EI2 header>::=<Wiener index><empirical formula>;

<EI3 header>::=<Wiener index>H<number of hydrogen

   atoms>;

<list of vertex indices>::=<vertex index

   list>|<vertex index list><list of vertex

   indices>

<vertex index list>::=<EI1>,<vertex

   eccentricity>,<list of smallest rings>;

<list of smallest rings>::=<smallest ring>

   |<smallest ring><list of smallest rings>

<smallest ring>::=<ring size>*<number of rings>

* M. I. Trofimov, Program MT2 GraphEdit 2004, Version 1.8.1,
E�mail: mtrofimov@online.ru. * From this point on the end of the algorithm is denoted by "�".
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Here symbols ",", ";", "*", and "H" are terminal symbols; list
of vertex indices and list of smallest rings are ordered lists; i.e., for
two vertices i and i + 1 the list of vertex indices is ..., si, si+1 if
substring si (vertex i index list) is smaller or equal to substring si+1
(vertex i + 1 index list); analogously for two rings of size p and
p + 1 the list of smallest rings is ..., sp, sp+1, because sp < sp+1,
meanwhile the list of smallest rings being added to the vertex
index list only if the molecule contains rings. For each vertex
only those smallest rings are enumerated in which the vertex is
included.

2.2. Additional key

The additional key is formed as a string:

<additional key>::=<EI4>N<g>

Here "N" is the terminal symbol, g is the ordinal number of the
additional key for a given EI4 value (i.e., for a given EI4 value
the first additional key corresponds to g = 1, the second addi�
tional key corresponds to g = 2, etc.).

Appendix 3

Algorithm 2

For each molecular graph G sent from the source to the
receiver (see Fig. 1), the receiver calculates the master key EI4
and looks for the key in the master table. If the search for G gave
a negative result, then G is placed in the master table and as�
signed the calculated key. Otherwise, an isomorphism test is
performed for G and G´ found in the master table. If the graphs
are not isomorphic, search is carried out in the additional table
for all keys k that include the EI4 index found and g = 1, 2, ..., k.
Each MG found as a result of this search is also tested for
isomorphism with G. If isomorphism is found, the search is
terminated; otherwise, G is placed in the additional table and
assigned the key with g = k + 1. �

Isomorphism tests are performed for weighted graphs. To
this end, each vertex of graphs G and G´ is assigned a weight
initially equal to the EI1 index of this vertex. The isomorphism
test uses algorithm 3, where the variables U, u, and m have the
same sense as earlier and the initial modified weight d0 is a
constant (for the choice of d0, see the Computational Experi�
ment Section).

Algorithm 3

Procedure IsoTest

1. Compare EI2 (or EI3) for G and G´, if they are
different then the graphs are not isomorphic, exit

2. Iteration counter t:=0, recursion depth
counter r:=0, modified weight d:=d0.

3. Call check.

Recursive Procedure check

Input parameters: G, G´, d, U, U´.
1. If isomorphism was found earlier then exit
2. r:=r+1.
3. If U ≠ U´ then exit else
4. If u = m then call check2(G, G´, U, U´).

If isomorphism is found then exit
else

5. Take a vertex of graph G from the smallest block Uj
such that |Uj| > 1, replace the weight of the vertex
by d.
Calculate EI1 for G, sort solutions and
obtain a new partition U.

6. Vertex enumeration loop for graph G´:
t:=t+1. Take the next vertex from block Uj´ and
replace its weight by d. Compute EI1 for G´,
sort solutions and obtain a new
partition U´. If the solutions of the systems coincide
then recursive call check(G, G´, d + ∆d, U, U´).
If there are no more vertices in block Uj´ then
exit.

7. exit check.

Procedure check2

Input parameters: G, G´, U, U´.
Check for correspondence between the vertices of the
graphs G and G´ having the same weights:
if connectivity is retained on mapping of G onto G´
then isomorphism is found. �

To explain this approach, we will now consider the proper�
ties of the EI1 index. Two graphs, G and G´, with the adjacency
matrices M and M´, respectively, are isomorphic if and only if
there exists the permutation matrix P = (pij),

where 

such that M´ = P –1•M•P (see Ref. 12). The properties of the
matrix P are as follows:

1) P is an orthogonal matrix, i.e., P –1 = PT;
2) if graph G is isomorphic to graph G´ and the vertex (i)

of G maps into the vertex ( j) of G´, then

 and Eii = P•Ejj•P –1,

where all coordinates of the vector e–i are equal to 0 except for
the ith coordinate equal to 1 and the element on the crossing of
the ith row and ith column of the matrix Eii is equal to 1, while
all other elements of Eii are equal to zero.

The degree of a vertex is calculated using the adjacency
matrix M = (mij) as follows

.

Let us denote vectors with the coordinates vi and vi´ by v–

and v–´, respectively. In the matrix form one can write v– = M•e–

and v–´ = M´•e–, where all coordinates of the vector e– are equal
to 1. From this it follows that v–´ = P –1•v–. Let us define the
matrices D and D´as the diagonal matrices with the diagonal
elements equal to vi and vi´, respectively. Then one gets

N = (E + D)–1 и N´ = (E + D´)–1,

where E is the unity matrix of corresponding size.
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In turn, the D and D´ matrices can be respectively expressed
through the v– and v–´ vectors:

, .

Consider two systems of linear equations (2):

, .

Assertion. Let a graph G be isomorphic to graph G´ and P be
the permutation matrix. Then, if B

–
´= P –1•B

–
 then X

–
´= P –1•X

–
.

Proof. Let us find a relation between the matrices A and A´:

From here we get

N = (E + D)–1 = (P–1•E•P + P–1•D´•P)–1 =

= [P –1•(E + D´)•P]–1 = P–1•(E + D´)–1•P = P –1•N´•P.

Similarly:

A = E – M•N = P –1•E•P – P –1•M´•P•P –1•N´•P =

= P –1•(E – M´•N´)•P = P –1•A´•P,

A–1 = P –1•A´–1•P.

Finally, we get

,

which was to be proved.

Note that if all coordinates of the B
–

 vector are equal to 1
(i.e., B

–
 = e–), the solution of the system (coordinates of the

X
–

 vector) gives the vertex degrees of the graph after subtraction
of unity from all these coordinates, i.e., X

–
 – e– = v–.

The assertion proved suggests that
1. If graphs G and G´ are isomorphic, for any i there exists j

such that the solutions of the systems A•X
–

 = e–i and A´•X
–

´ = e–j
coincide to an accuracy of permutation of the coordinates of the
vectors X

–
 and X

–
´.

2. If, for isomorphic graphs, at certain (i) and ( j) the solu�
tions X

–
 and X

–
´ of the systems A•X

–
 = e–i and A´•X

–
´ = e–j are

obtained by mutual permutation and have all different coordi�
nates (X(k) ≠ X(l), ∀k ≠ l), the corresponding permutation of the
coordinates of the vectors X

–
and X

–
´ gives isomorphism of the

graphs G and G´.
3. If, for certain i at any j, the solutions of the systems

A•X
–

 = e–i and A´•X
–

´ = e–j are different to an accuracy of permu�
tation of the coordinates of the vectors X

–
 and X

–
´, these graphs

are not isomorphic.
The recursion depth and the number of iterations in algo�

rithm 3 depend on the number and size of partition blocks for
the sets of the solutions of the systems of linear equations for the
vertex weights obtained by consecutive replacement of the ini�
tial weights by the modified ones (d0, d0 + ∆d, d0 + 2∆d, ...),

being only slightly dependent on the number of vertices m, just
like the number of identical solutions of the system of linear
equations of the type (2) is not simply related to the number, m,
of the unknown quantities. The number and sizes of the parti�
tion blocks depend on the initial weights and degrees of vertices
and on the discriminating capability of the index employed for
the weights. They also depend, in a complex fashion, on the
symmetry of the system of equations. In turn, this symmetry is
directly related to the symmetry of the adjacency matrix of the
corresponding graph. Each replacement of the initial weight of a
vertex by the modified weight leads to a strong lowering of the
symmetry of the system of equations, thus dividing the partition
into progressively decreasing blocks and minimizing the enu�
meration.

Each iteration requires solution of two systems of linear
equations of the type (2) in order to calculate the modified
weights of the vertices of the tested graphs G and G´. Here, only
the absolute term vectors B change from one iteration to an�
other, whereas the coefficient matrices A remain unchanged. In
this case, a standard approach is as follows. In the first solution
of the systems (2) one should calculate the inverse matrices A–1

and A´–1 and then search for solutions in the form:

 and .

The inverse matrix can be found simultaneously with the
solution of the system of linear equations by the Gauss—Jordan
method.27 The complexity of such computations can be esti�
mated at O(m3) and subsequent calculations of X

–
 and X

–
´ at

O(m2) for each system. Solution of the system of linear equa�
tions according by the Gauss—Jordan method is more time�
consuming than the classical Gauss procedure. Therefore, it is
appropriate to use the approach described above only if it is
necessary to solve a rather large number of systems of linear
equations with identical matrices A. In the case of the experi�
mental set described above (see Computational Experiment Sec�
tion) minimization of enumeration is so efficient that this num�
ber becomes insufficient and the classical Gauss method gives
better results.

The adjacency matrices (but not the inverse of the adjacency
matrices) are sparse matrices; therefore, one can expect that the
use of the sparse matrix approach can accelerate the solution of
the system (2). It should also be noted that the current stage of
development of microprocessors allows the real performance
(execution of identical, in particular, matrix operations) to be
substantially improved on the microprogramming level owing to
all kinds of tricks similar to instruction pipelining, etc. Other
tricks are possible on the low�level (assembler) and high�level
programming languages. For instance, e.g., many operations in
the algorithms presented in this work consist in enumeration of
a set in order to extract a next element. The classical Pascal,
contrary to other programming languages, offers a unique fea�
ture of explicit representation of the set types, which makes it
possible to solve this problem as follows:

for i:=1 to n do
if i in s then

begin s :=s�[i];...; end;

A rough estimate of the complexity of this code fragment is
given by O(n), which ignores the complexity of the loop body.
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However, for small sets s containing at most 15 elements and
modern extended Pascal language (e.g., Object Pascal Delphi) it
is possible to find a tabulated solution:

repeat
i := table1[word(s)];
s := table2[word(s)];
...;

until s=[];

The tables, table1 and table2, contain all possible 216 =
65 536 variants, being initialized once with the program startup.
These tables are arranged in a 128 KByte memory block, which
is more than modest taking into account the operating charac�
teristics of modern personal computers. For highly filled sets the
gain from this optimization can seem to be insignificant, but in
the case of a MG where the set s corresponds to, e.g., adjacent
vertices, the gain can be very high. Such operations allowed the
performance of the GenGraph generator (see below) designed
for complete enumeration of MGs including less than fifteen
vertices to be improved by more than a dozen times. In spite of
the fact that this result is surely expected, its explanation in
terms of formal estimates of computational complexity faces
problems. Criticism has been repeatedly expressed in the graph
theory studies, concerning practical limitations of the method of
estimates of the hard�to�solve problems and the notion of
NP�completeness (see., e.g., Ref. 28). It was also pointed29 that
the hard solvability of NP�complete problems was not rigor�
ously established despite a commonly accepted, among math�
ematicians, opinion that it is impossible to design efficient algo�
rithms for solving these problems. Detailed consideration of
these issues goes far beyond the scope of this study; therefore, we
will only mention that real performance has as much in com�
mon with the theoretical complexity as ideal gas with real gas or
as famous MIX ideal computer by Knuth30 with Pentium® 4. Of
course, more and more appropriate models are elaborated. For
instance, one cannot but agree with the statement that an equally
accessible address machine (it can serve as a basis for the intro�
duction of the notion of NP�completeness) is a good approxi�
mation to real computers.31 We only want to emphasize the
words "model" and "approximation" (intrinsic in any model) in
order to characterize the complexity and ambiguity of this prob�
lem, which is unseen from the outside. Here we cannot but
repeat the first sentence, which traditionally opens the vast ma�
jority of the isomorphism studies, namely, up to date it remains
unclear whether or not is the problem NP�complete.23

Appendix 4

Algorithm 4

1. Take a next graph G from Gm (the set of all
non�isomorphic graphs with m vertices).
Let W be a subset of all vertices G of degree
less than 4.

2. For ∀vi ∈ W do:
1) add a vertex vm+1 and an edge (vi, vm+1) to G,
2) output the resulting graph G i

m+1.
3. For ∀vi ∈ W\{vi} do:

1) add an edge (vj, vm+1) to G i
m+1.

2) output the resulting graph G j
m+1.

4. For ∀vk ∈ W\{vi, vj} do:
1) add an edge (vk, vm+1) to G j

m+1.
2) output the resulting graph G k

m+1.
5. For ∀vl ∈ W\{vi, vj, vk} do:

1) add an edge (vl, vm+1) to G k
m+1.

2) output the resulting graph G l
m+1. �

Appendix 5

Algorithm 5

1. Assign zero values to all elements of matrix M = (mij)
and the (m2 – m)/2�bit integer variable u

2. u:=u+1.
3. k:=0.
4. For i from 1 to m – 1 do
5. For j from i + 1 to m do
6. k:=k+1
7. Considering u as a binary number, for bit tk do:

8. End of loop 5.
9. End of loop 4.
10. Output of the matrix M.
11. If mij = 1 (i ≠ j ) then exit

else go to 2. �
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